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d.Two Methods for the Computation of Commercial Pipe
Friction Factors
D. H. Yoo1 and V. P. Singh, F.ASCE2
Abstract: Two methods are proposed for the computation of friction factors of commercial pipes. The first method applies the mean
value of the zero velocity point ~MZVP! to a theoretical friction factor equation, and the other directly computes the mean friction factor
~MFF! by averaging the friction factor of both the smooth and rough walls while considering their relative contribution. The MFF method
is preferred, because it is simple but covers all the flow characteristics of commercial pipes. Both MFF and MZVP methods consider two
parts of a wall with different roughness heights: One part is rough and the other is smooth. A regression analysis was performed to
determine optimum values of the roughness height and probability of encountering each part, using several sets of field data, including
galvanized iron, wrought iron, cast iron, concrete, riveted steel, and concrete. The analysis showed that both the roughness height and the
relative contribution of the rough part are strongly dependent on the pipe diameter. The MFF method gave an average error of less than
3%, whereas the traditional Colebrook–White equation gave an average error of more than 11% when compared with Colebrook’s data.
DOI: 10.1061/~ASCE!0733-9429~2005!131:8~694!
CE Database subject headings: Pipe flow; Friction; Roughness; Velocity; Computation; Flow characteristics.Introduction
Flow in hydraulic conduits is always subject to resistance and
energy dissipation. Hydraulic resistance, often expressed as a co-
efficient or friction factor, is the basic information needed in hy-
draulic computation and design. Since the pioneering contribu-
tions by Weisbach ~1845!, Darcy ~1857!, Boussinesq ~1877!, and
Reynolds ~1895! among others, the hydraulics of flow resistance
has been a subject of much interest and investigation. Many flow
resistance equations have been reported for pipes as well as chan-
nels in the hydraulic literature. A comprehensive discussion of
flow resistance equations was presented by Singh ~1996!, and Yen
~2002! provided a historical perspective for open channel flow
resistance.
An early contribution is the Darcy–Weisbach equation ex-
pressed as
hf = f
L
D
V2
2g
s1d
where hf5frictional head loss; f5Darcy–Weisbach friction fac-
tor; L5pipe length; D5pipe diameter; V5cross-sectional mean
velocity; and g5acceleration due to gravity. Based on the data
collected primarily for circular-type pressure conduits and for
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 J. Hydraul. Eng., 2005, open channels, Williams and Hazen ~1933! proposed an empirical
equation for estimating the mean velocity of flow in pipes. The
empirical equation of Hazen–Williams in SI units is given by
V = 0.85CHWR0.63S0.54 s2d
where CHW5Hazen–Williams coefficient; R5hydraulic radius;
and S5pipe slope.
When using the Hazen–Williams equation for commercial
pipes, a multitude of uncertainties are encountered. For example,
the constant used in the Hazen–Williams equation is known to
vary significantly, depending on the diameter and the type of pipe.
Swamee and Jain ~1976! developed several equations relating the
Hazen–Williams parameter to the pipe diameter. Kamand ~1988!
also argued that the Hazen–Williams equation is not appropriate
in the case of low Reynolds numbers and/or small-diameter pipes,
and introduced a correction factor to achieve a better agreement
with the Colebrook–White equation.
Using the data collected by various investigators and employ-
ing Prandtl’s mixing length theory Prandtl ~1925!, Colebrook and
White ~1937!, and Colebrook ~1938! developed a semitheoretical
equation for friction factors of commercial pipes. The Colebrook–
White equation is represented by:
1
˛f = − 2 logS 2.5R˛f + kw3.7DD s3d
where R5Reynolds number and kw5roughness height. Cole-
brook found that the roughness heights varied significantly but
that they were randomly scattered against the pipe diameter. Thus,
he proposed using an average value of the roughness height for
each type of commercial pipe, with some error tolerated. Moody
~1944! presented a diagram of commercial pipe friction factors
based on the Colebrook–White equation, which has been exten-
sively used for practical applications.
The U.S. Bureau of Reclamation ~1965! reported large
amounts of field data ~more than 25 sets! on commercial pipes:
concrete, continuous-interior, girth-riveted, and full-riveted steel
131(8): 694-704 
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d.pipes. Due to large variations in the field data, average friction
factors were used for simplicity. The researchers of the Bureau of
Reclamation found that some of the field data collected could not
be explained by the Colebrook–White equation, since the varia-
tion of the data followed the curve of transitional turbulent flow
which is omitted in the composition of the Colebrook–White
equation. The Bureau of Reclamation report ~1965! asserted that
the Colebrook–White equation was found inadequate over a wide
range of flow conditions.
Moreover, several researchers have found that the Colebrook–
White equation is inadequate for pipes smaller than 2.5 mm. Wes-
seling and Homma ~1967! suggested using a Blasius-type equa-
tion or a power law with minor modifications instead of the
Colebrook–White equation. They recommended using larger val-
ues of the proportionality factor for smaller-size pipes. von Ber-
nuth and Wilson ~1989! conducted laboratory experiments and
attempted to find the optimum value of the roughness height of
PVC pipes for the Colebrook–White equation and then the value
of the friction factor of PVC pipes. Their computation results
were, however, quite different from those obtained in the labora-
tory when using the Colebrook–White equation. Instead they pro-
posed to employ a Blasius-type equation with minor modifica-
tions. The friction factor determined from laboratory data
decreases with an increase in the Reynolds number even after a
certain critical value, whereas the friction factor of the
Colebrook–White equation tends to be constant with an increase
in the Reynolds number. In recent years Jain et al. ~1978!, Ka-
mand ~1988!, and Bagarello et al. ~1995! discouraged the use of
the Colebrook–White equation for the computation of commercial
pipe friction factors, particularly for small-diameter pipes. Instead
they suggested using a power law with minor modifications.
This study proposes two new methods for estimating the fric-
tion factor of commercial pipes: one combining the zero velocity
points and the other combining the friction factors of the smooth
and rough parts of the pipe. Using the data reported by Colebrook
~1938!, the U.S. Bureau of Reclamation ~1965! and von Bernuth
and Wilson ~1989!, a regression analysis was performed to deter-
mine the optimum values of the roughness height and the prob-
ability of occurrence of both parts. The roughness height and
probability of occurrence of the rough part were then related to
the pipe diameter, while the roughness height of the smooth part
was determined for various pipe materials.
Determination of Friction Factor
Prandtl’s mixing length theory describes the near-wall turbulent
flow characteristics reasonably well, where the velocity distribu-
tion is expressed as
u
u*
=
1
k
ln
z
z0
s4d
where u5local flow velocity; u*5frictional velocity given by
˛t /r; t5wall shear stress; r5water density; z5height above the
wall; k5von Karman constant s=0.4d; and z05zero velocity point
at which the local velocity vanishes according to the logarithmic
law. Assuming that the velocity is symmetric about the pipe cen-
terline and the shear stress is constant along the perimeter
JOUR
 J. Hydraul. Eng., 2005, of a circular wall, integration of Eq. ~4! yields the cross-sectional
mean velocity, V, as:
V =
Q
A
=
1
pr2
E
0
r
2psr − zd
u*
k
ln
z
z0
dz s5d
where r5radius of the pipe; Q5discharge; and A5cross-section
area. After integration this becomes
1
˛C
=
1
k
Fln r
z0
− 1.5G s6d
where the friction factor C is defined by
u* = ˛CV or t = rCV2 s7d
According to laboratory results by Nikuradse ~1933! as shown in
Fig. 1, the Darcy-Weisbach friction factor, f , is given as
1
˛f = 2 logR
˛f − 0.8 for fSTg s8d
1
˛f = 2 logDk + 1.14 for fRTg s9d
where f =8C; R5Reynolds number given by VD /n; D5pipe di-
ameter; n5kinetic viscosity; Dk=D /kw; kw5equivalent rough-
ness height; @ST# indicates the smooth turbulent flow or turbulent
flow in a hydraulically smooth pipe; and @RT# the rough turbulent
flow or turbulent flow in a hydraulically rough pipe.
Expressing C in terms of f in Eq. ~6! and using the common
logarithm instead of natural logarithm, one obtains
1
˛f = 2 log
D
z0
− 1.94 s10d
Matching Eq. ~8! with Eq. ~10! and Eq. ~9! with Eq. ~10!, respec-
tively, yields the zero velocity point as:
z0ST = 0.10
n
u*
for fSTg s11d
Fig. 1. Darcy–Weisbach friction factor of uniformly rough circular
pipe flow @Laboratory results from Nikuradse ~1933!#: L5laminar;
RT5rough turbulent flow; ST5smooth turbulent flow; T5turbulent
flow; TL5LR5transitional flow between laminar and rough turbulent
flow; and TT5transitional turbulent flowz0RT = 0.03kw for fRTg s12d
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d.There is a significant portion existing between smooth turbu-
lent flow and rough turbulent flow, as shown in Fig. 1, which is
normally called transitional turbulent flow, and it may also occur
in flows in commercial pipes. This region is herein called the
transitional turbulent flow @TT#. Using regression analysis, a
simple equation was developed for this region:
f = fRT − fA coss0.8 lnRk − 4.06d for fTTg s13d
where fRT= f at rough turbulent flow; fA=0.06Dk−0.5; and
Rk=Vkw /n. The boundary condition for @TT# was determined by
3,R*k,100 or 81.5,Rk,1140 where R*k=u*kw /n. For circu-
lar pipes the second condition for using Rk can also be satisfac-
torily employed to determine the flow condition, and it is easier to
use than the first condition as u* can be estimated implicitly
through an iterative process.
When the roughness ratio Dk is less than 50, the flow condi-
tion moves directly from laminar to rough turbulent flow bypass-
ing the smooth turbulent and transitional turbulent flow regions.
In this case the friction factor is determined by regression as
f = 0.03 + sfRT − 0.03dtanhFlsln R − 7.64dln Dk − 0.61 G for fLRg
s14d
where l=3.5−0.05Dk and @LR# indicates the transitional flow
between laminar and rough turbulent flows.
Colebrook and White ~1937! developed an equation for deter-
mining the friction factor for commercial pipes by combining
Eqs. ~11! and ~12! to represent the zero velocity point of the
commercial pipe and then to substitute the combined function into
Eq. ~6!. They suggested the zero-velocity point representing a
commercial pipe as
z0C = z0S + z0R s15d
where subscripts C , S, and R represent “commercial pipe,”
“smooth pipe,” and “rough pipe,” respectively. They assumed that
the smooth pipe is hydraulically smooth or the flow in the smooth
part is at the flow condition @ST# and that the rough pipe is hy-
draulically rough or the flow in the rough part is at the flow
condition @RT#. This may not be valid when the pipe size is very
small and the velocity is very high, since the flow in the smooth
part can also be transitional turbulent or even rough turbulent.
Replacing the zero velocity point of Eq. ~6! with Eq. ~15!, Cole-
brook ~1938! derived the friction factor equation ~3! for commer-
cial pipes.
Colebrook ~1938! analyzed four sets of field data of commer-
cial pipes observed by various researchers: galvanized iron,
wrought iron, asphalted cast iron, and uncoated cast iron pipes.
He presented three figures displaying roughness height versus
pipe diameter, which show random variations of roughness
heights for all types of commercial pipes: 0.025–0.27 mm for
galvanized iron pipes, 0.03–0.25 mm for asphalted cast iron
pipes, and 0.01–0.1 mm for wrought iron pipes as shown in
Fig. 2. The figures do not show any dependency of roughness
height on the pipe diameter. It is suspected that this is the reason
why he chose the mean value of roughness height for each type of
pipe. But it is clear that the application of the mean value of the
roughness height, due to its large variation, would often result in
errors of more than 10%.
696 / JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2005
 J. Hydraul. Eng., 2005, Suggested Modifications for the Colebrook–White
Equation
The Colebrook–White equation can be improved by eliminating
its deficiencies.
1. The simple summation of the zero velocity point as done in
Eq. ~15! is inaccurate with respect to the influence by each
wall. The summation expressed by Eq. ~15! implies that each
wall ~smooth and rough! occupies the pipe 100%, which
means that the same space is occupied 200%. The influence
of each wall should be considered rather than simply assum-
ing an equal influence ~100%! for each wall. This influence
can also be interpreted as a probability. Colebrook ~1938!
even assumed that both the smooth and rough walls dominate
a single pipe.
2. The flow in the smooth part of a commercial pipe may not
always be hydraulically smooth or smooth turbulent, and the
flow in the rough part of a commercial pipe may not always
be hydraulically rough or rough turbulent. The flow in the
smooth part of a commercial pipe can be one of these flow
conditions, such as laminar, transitional laminar, smooth tur-
bulent, transitional turbulent or rough turbulent, although the
flow is likely to be smooth turbulent.
3. The smooth part is not perfectly smooth but it has a definite
roughness height, although it may be small. Therefore, the
Fig. 2. Variation of roughness height against pipe diameter with
Colebrook–White equation after Colebrook ~1938!. The solid line
corresponds to the mean roughness height.flow in the smooth part can be rough turbulent or transitional
131(8): 694-704 
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d.turbulent when the flow has a very high velocity or more
importantly the pipe diameter is small.
4. The transitional turbulent flow @TT# and transitional flow @T#
may occur quite often for both parts, and hence its omission
in the formulation of the Colebrook–White equation may re-
sult in error ~see the section entitled “Roughness Height and
its Influence”!.
In order to mitigate the deficiencies, two methods are proposed
for computation of commercial pipe friction factors. The first
method is similar to the method of Colebrook and White, but the
mean zero velocity point is computed by considering the percent-
age of each representative part. Then the mean zero velocity point
is substituted into Eq. ~6! to estimate the commercial pipe friction
factor. This is designated as the method of mean zero velocity
point @MZVP#. The second method is that the mean friction factor
is directly computed by averaging the values of two representa-
tive parts, and is designated as the method of mean friction factor
@MFF#.
Method of Mean Zero Velocity Point
Using the MZVP, the zero velocity point of commercial pipes is
computed as
z0C = PSz0S + PRz0R s16d
where PS5probability ~or percentage! of a smooth wall;
Fig. 3. Variation of friction factor of galvanized iron pipe. The solid
dots indicate the measured data while the solid line indicates the
values given by the Colebrook–White equation. ~a! No-connection
part; and ~b! one connection part.PR5probability ~or percentage! of a rough wall; and z0S is not
JOUR
 J. Hydraul. Eng., 2005, necessarily the same as z0ST. Similarly, z0R is not necessarily the
same as z0RT. Further, PS+ PR=1. Eq. ~15!, which is the basis of
the Colebrook–White equation, shows that PS+ PR=2, which is
clearly incorrect. If it is assumed that z0S=z0ST=0.1n /u* and z0R
=z0RT=0.03kw and Eq. ~16! is substituted into Eq. ~6!, one
obtains:
1
˛f = − 2 logS2.5PSR˛f + PRkw3.7D D s17d
The assumption that PS=1 and PR=1 in Eq. ~17!, which is cer-
tainly not true, leads to the Colebrook–White equation @Eq. ~3!#.
Using the explicit form of the zero velocity point for smooth
turbulent flow, z0ST=0.58DR−0.89 after Barr ~1976!, z0RT=0.03kw
and when z0S=z0ST and z0R=z0RT, the friction factor for commer-
cial pipes is given as:
1
˛f = − 2 logS5.13PSR0.89 + PRkw3.7D D s18d
Method of Mean Friction Factor
Using the MFF method, the friction factor of commercial pipes is
computed as
fC = PSfS + PRfR s19d
where fC5mean friction factor of commercial pipes; fS5friction
factor of the smooth part; and fR5friction factor of the rough part.
As for the zero velocity point, fS is not necessarily the same as
fST, and fR is not necessarily the same as fRT. fS or fR can be one
of the friction factors: fL, fLR, fST, fTT , fRT or fLR, depending on the
flow condition of each part with different roughness heights.
Although the MZVP method or the Colebrook–White ap-
proach is expressed by one single equation, the mean value of the
zero velocity point is considered to be incorrect. If the roughness
is irregular but evenly distributed over the whole pipe, the rough-
ness height should be represented by one single average value or
a representative value rather than two values which result from
the combination of two equations. Furthermore, the flow in com-
mercial pipes can be laminar, which cannot be described by the
concept of zero velocity point. It is also difficult to describe the
transitional flow between laminar and rough turbulent flow using
the concept of zero velocity point, which may occur quite often in
small-size pipes. Therefore, MFF is considered to be more appro-
priate than MZVP for the estimation of friction factors of com-
mercial pipes in field situations.
Roughness Height and its Influence
Assuming the rough part of a commercial pipe has the same pro-
portion as the smooth part, Colebrook ~1938! computed the
roughness heights of various commercial pipes and found a wide
variation of roughness height with the pipe diameter. As shown in
Fig. 2, when using the Colebrook–White equation, the roughness
height of the galvanized iron pipe varies from 0.025 to 0.27 mm
with no particular dependency on the pipe diameter. He also ob-
tained similar results for other types of pipes.
In the present analysis, the MFF method was applied to com-
pute the roughness heights and the percentages of the rough part
of commercial pipes using the least squares method. From a set of
NAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2005 / 697
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d.Fig. 4. Mean friction factor computed pipe friction factors plotted against measurements reported by Colebrook ~1938!, the U.S. Bureau of
Reclamation ~1965! and von Bernuth and Wilson ~1989!: ~a! galvanized-iron pipe; ~b! tar-coated cast iron pipe; ~c! wrought iron pipe; ~d! concrete
pipe; ~e! continuous interior steel pipe; ~f! girth-riveted steel pipe; ~g! full-riveted steel pipe; and ~h! pvc pipe.698 / JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2005
 J. Hydraul. Eng., 2005, 131(8): 694-704 
D
ow
nl
oa
de
d 
fro
m
 a
sc
el
ib
ra
ry
.o
rg
 b
y 
Te
xa
s A
&
M
 U
ni
ve
rs
ity
 o
n 
09
/1
7/
17
. C
op
yr
ig
ht
 A
SC
E.
 F
or
 p
er
so
na
l u
se
 o
nl
y;
 al
l r
ig
ht
s r
es
er
ve
d.Fig. 4. ~Continued!.JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2005 / 699
 J. Hydraul. Eng., 2005, 131(8): 694-704 
D
ow
nl
oa
de
d 
fro
m
 a
sc
el
ib
ra
ry
.o
rg
 b
y 
Te
xa
s A
&
M
 U
ni
ve
rs
ity
 o
n 
09
/1
7/
17
. C
op
yr
ig
ht
 A
SC
E.
 F
or
 p
er
so
na
l u
se
 o
nl
y;
 al
l r
ig
ht
s r
es
er
ve
d.data for the same type of pipe, a matrix was formed by using Eq.
~19! to compute the friction factor as follows:
3
f1
f2
fn
4 = 3
fS1fR1
fS2fR2
fSnfRn
4F1 − PRPR G s20d
or
ffCg = ffYgfPg s21d
where ffCg5measured value of the commercial pipe friction fac-
tor; ffYg5friction factor of each wall computed by adopting the
roughness height with a given Reynolds number; and
@P#5percentage of each part. Here, fC and the Reynolds number
are given, and both fR and fS are functions of the Reynolds num-
ber and the ratio of pipe diameter to roughness height which is
unknown. By adopting different values of the roughness heights,
the percentages of the rough wall were computed by the least
squares method. The unknown column of percentage @P# was de-
termined as follows:
fPg = sffYgTffYgd−1sffYgTffCgd s22d
where superscripts T and −1 indicate the matrix transpose and the
matrix inverse, respectively.
It was found from the present study that for the range of the
Reynolds number considered, even the variation of the commer-
cial pipe friction factor exhibited the same trend as that of Ni-
kuradse’s laboratory results for uniformly rough pipes when the
pipe component parts were not connected to each other. Fig. 3
shows the variation of friction factor of galvanized iron pipe; Fig.
3~a! for the pipe of no-connection part and Fig. 3~b! for the pipe
of connection part. The solid dots indicate the measured data
while the solid line indicates the values given by the Colebrook–
White equation. The roughness height of the galvanized iron pipe
was estimated to be 0.03 mm using the laboratory data for non-
connected galvanized iron pipes. This value was used for the
roughness height of the smooth part of galvanized iron pipes.
Similar values were estimated for other types of commercial
pipes: 0.04 mm for wrought iron pipes and uncoated cast iron
pipes, 0.035 mm for tar-coated cast iron pipes and 0.02 mm for
PVC pipes, 0.1 mm for concrete pipes, 0.1 mm for continuous
interior steel pipes, 0.85 mm for girth riveted steel pipes, and 0.4
mm for fully riveted steel pipes. The Colebrook–White equation
assumes that the smooth part has no roughness and the flow in the
smooth part is always smooth turbulent. When the pipe diameter
is relatively big this assumption might be acceptable. But when
the pipe diameter is relatively small the flow in the smooth part
can also be rough turbulent because the roughness ratio Dk can be
small. For example, when the pipe diameter is 10 mm, the rough-
ness ratio of the galvanized-iron pipe becomes approximately
333. In this case, when the Reynolds number exceeds 27,200, the
flow in the smooth part surpasses the condition of smooth turbu-
lent flow and becomes transitional turbulent flow. When the Rey-
nolds number exceeds 380,000, the flow in the smooth part be-
comes rough turbulent flow.
Using the measured data collected by Colebrook ~1938! and
reported by the U.S. Bureau of Reclamation ~1965! and von Ber-
nuth and Wilson ~1989!, the roughness heights of the rough part
of a commercial pipe and the probability were estimated using
regression analysis. The optimum values of the roughness heights
and its probability were determined, and the computed friction
factors of commercial pipes are shown in Fig. 4. The calculated
700 / JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2005
 J. Hydraul. Eng., 2005, results using MFF are in excellent agreement with the measured
data for commercial pipes using the optimum values of roughness
height and probability.
Optimum Values of Roughness Height
and Probability
Optimum values of the roughness heights of the rough region for
each pipe type were obtained empirically and for some pipes
using regression analysis. These optimum values are shown in
Fig. 5. Likewise, optimum values of the probability of the rough
region are shown in Fig. 6. Both figures are shown with pipe
diameter on the abscissa. It is recognized that while constructing
these figures the amount of data used was limited, but the objec-
tive was to at least reveal a trend. Ideally one would want to have
a large experimental data base but this proved unsuccessful. The
roughness height of the rough part was generally found to be
almost constant for small-size pipes as well as for large-size
pipes, but it was found to be proportional to the diameter for
medium-size pipes where it did not exceed 5 mm. Thus, it is
considered that the value of 5 mm may be suitable for the maxi-
mum roughness height of the medium-size pipes of D.0.15 m
for galvanized iron pipes, or D.0.2 m for wrought iron pipes.
Fig. 5. Roughness height of rough wall against pipe diameter
Fig. 6. Probability of rough wall against pipe diameter131(8): 694-704 
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d.On the other hand, three regression lines of roughness height and
the percentage rough part were found for the tar-coated iron pipe
as shown in Figs. 5 and 6. This may be due to different types of
pipe connection.
As shown in Fig. 2, Colebrook ~1938! found that the rough-
ness height was not related to the pipe diameter when the percent-
age of each part was not taken into account. Therefore it can be
inferred that he simply took the average value of the roughness
height for each type of commercial pipe. As shown in Figs. 5 and
6, however, both roughness height and rough wall probability of
commercial pipes are found related to the pipe diameter. It leads
to the conclusion that the roughness of the rough part may be
strongly related to the type of the pipe connection. When D
,25 mm, the pipe has a constant thickness, and when D
.25 mm its thickness is proportional to the pipe diameter. There-
fore, the roughness height of small-size pipes is almost constant
irrespective of the pipe diameter, whereas the roughness height of
the medium-size pipes is related to the pipe diameter. On the
other hand, when the pipe diameter is bigger than 1 m, the inter-
nal side of a connection part is normally treated manually or
mechanically so that the connection part needed becomes smooth.
This is considered to be the reason why the roughness height of a
large-size pipe is almost constant and smaller than that of a small-
size pipe.
As noted from the results shown in Fig. 5, there is a disconti-
nuity when the pipe diameter reaches 1 m for the case of a tar-
coated cast iron pipe. If the pipe connection is made manually or
mechanically inside the pipe so that the connection part is
smooth, the proper value of the roughness height is 0.68 mm.
Otherwise, it is 5 mm. Therefore, a commercial pipe of 1 m
diameter can have quite different equivalent roughness heights of
the rough part depending on the connection.
Estimation of Roughness Height and Probability
of Occupation
The roughness heights of the rough region of a medium size pipe
can be estimated as
kR = MinsaD,5 mmd s23d
where kR5roughness height of the rough part of a commercial
pipe. Estimated values of the parameter are given in Table 1. It is
noted that kR of the large tar-coated cast iron pipe is estimated to
be 0.68 mm whereas kR of the small galvanized iron pipe is about
0.87 mm. Some tar fluid may penetrate into the crevices at the
connection part of the large tar-coated cast iron pipe, and this may
Table 1. Roughness Height of Rough Wall of Commercial Pipes
Pipe type Galvanized iron Tar-coated cast iron
kSsmmd 0.03 0.035
kR
Small size sD,25 mmd 0.83 mm —
Medium size sD,Dmd 0.033D 1 0.008D
2 0.005D
3 0.003D
Large size sDm,Dd — 0.68 mm
Note: Dm5range of middle size pipe ~galvanized iron pipe, concrete pipereduce the roughness in the rough part.
JOUR
 J. Hydraul. Eng., 2005, The probability of the flow being in the rough region was also
found to be related to the pipe diameter as
PR = a + bS DD0D s24d
where D0=1 m as a standard diameter, and the coefficients a and
b are given in Table 2. The coefficients a and b are constants for
each pipe of the same type and the same range of diameter. The
highest value of PR was estimated to be about 0.64. This value
can be adopted as the maximum value of PR. Three regression
lines of PR were found for the wrought iron pipes as shown in
Fig. 6 and Table 2.
The friction values were computed using the Colebrook–White
equation and the MFF method and were compared with observed
values for all the data presented by Colebrook ~1938! for the
galvanized iron pipe, the tar-coated cast iron pipe, and the
wrought iron pipe. Comparison of the friction factor values com-
puted by these two methods is summarized in Table 3. For
economy of space, comparison of the two methods for each ex-
perimental data is omitted here. Comparing the overall average
error, the MFF method gave an average error of less than 3% in
the computed value of the friction factor, whereas the Colebrook–
White equation produced an average error of more than 11%. This
means that the use of Colebrook–White equation can over- or
underestimate the pump power more than 11% from a correct
value, whereas the MFF method can reduce the incorrect estima-
tion by more than 8%. However, the Colebrook–White equation
gave a better estimate of the friction factor for the 1,549 mm
diameter tar-coated cast iron pipe than did the MFF method. This
was considered only an exception, and it does not mean that the
MFF method is less valid for large pipes.
Uncoated cast-iron or Wrought iron PVC Concrete
0.04 0.02 0.1
0.07D 0.21 mm
0.025D
— 0.0003D+3 or 1.0
mm, 5tar-coated cast iron pipe: 800 mm, wrought iron pipe: 200 mm!
Table 2. Coefficients a and b for Estimation of PR
Pipe size Type a b
Small size sD,25mmd Galvanized iron pipe 0.12 −3.28
Wrought iron pipe 0.18 −2.86
PVC pipe 0.10 0.00
Medium size sD,Dmd Galvanized iron pipe 0.57 −3.28
Wrought iron pipe 0.66 −10.0
Tar-coated cast iron pipe 1 0.36 −3.0
2 0.48 −2.0
3 0.53 −1.0
Large size sDm,Dd Tar-coated cast iron pipe 1.35 −0.78
Concrete pipe 0.61 −0.1NAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2005 / 701
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d.Application
The procedure is investigated using a galvanized iron pipe 10 mm
in diameter. The flow velocity in the pipe is 1 m/s. The fluid
viscosity at the existing temperature is 10−6 m2/s. In order to
compute the friction factor for a galvanized-iron pipe the follow-
ing steps are involved:
1. Compute the Reynolds number: RD=VD /n=130.01/10−6
=10,000;
2. From Table 1, one obtains kS=0.03 mm and kR=0.83 mm.
Then, using Table 2, the probability of the rough wall PR is
computed as
PR = a + bS DD0D = 0.12 − 3.28S0.011 D = 0.087
3. The relative roughness of the rough wall against pipe diam-
eter DkR is computed as
DkR = S D D = S 10 D = 12.05
Table 3. Comparison of Error in Friction Factor Computed Using the
Mean Friction Factor ~MFF! Method and Colebrook–White ~C–W!
equation
Type of pipe Name D ~mm!
Average error
in friction factor
~%!
MFF C–W
Galvanized iron S.& S 9 5.47 17.95
S.& S. 12 7.47 10.36
S.& S. 16 1.57 19.02
S.& S. 22 2.16 28.12
S.& S. 26 1.28 15.53
H. 51 1.16 12.32
H. 102 2.46 4.33
Tar coated cast iron F. 102 1.87 27.97
N.E.~1! 203 2.02 16.47
N.E.~1! 203 4.84 15.30
I.~1! 305 6.58 5.01
F. 305 2.26 1.96
S. 610 1.82 6.76
I.~2! 305 3.18 16.77
N.E. 152 5.33 8.61
F. 203 4.89 4.62
WH.F. 406 1.22 2.13
T. 1,016 1.92 7.13
S. 1,219 2.61 6.33
F. 1,549 1.19 0.48
Wrought iron F. 9 1.10 4.93
H.S. 25 3.31 2.27
F. 53 3.08 40.52
F. 127 4.08 5.69
F. 203 2.51 11.29
F. 16 1.68 6.66
F. 41 2.63 15.58
F. 79 3.03 3.27
F. 152 2.16 8.49
Total average error 2.93 11.24kR 0.83
702 / JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2005
 J. Hydraul. Eng., 2005, RkR =
VkR
n
=
1 3 0.000083
10−6
= 830
81.5 , RkR , 1140
Therefore, the flow at the rough portion is transitional turbu-
lent @TT#. The friction factor of the rough part fR is com-
puted. Thus, one obtains from Eq. ~9!:
1
˛fRT
= 2 log DkR + 1.14, fRT = 0.092
fA = 0.06Dk−0.5 = 0.06 3 12.05−0.5 = 0.0173
From Eq. ~13!, one obtains
fR = fRT − fA coss0.8 ln Rk − 4.06d
= 0.092 − 0.0173 coss0.8 ln 830 − 4.06d
= 0.088
4. The relative roughness of smooth wall against pipe diameter
DS is computed:
DS =
D
kS
=
10
0.03
= 333.33
RkS =
VkS
n
=
1 3 0.00003
10−6
= 30
RkS,81.5. Thus the flow in the smooth wall is smooth tur-
bulent @ST#: The friction factor of the smooth part fS is ob-
tained from Eq. ~8!,
1
˛fS
= 2 log R˛fS − 0.8
which by iteration yields fS=0.031 or explicitly from,
1/˛fS=2 log R0.89−1.42; fS=0.0308; and
5. The mean friction factor of commercial pipes fC is computed
as
fC = s1 − PRdfS + PRfR
= s1 − 0.087d 3 0.031 + 0.087 3 0.088
= 0.036
which is the value sought.
Summary and Conclusions
The following concluding remarks can be made from this study:
~1! empirical equations of transitional turbulent and transitional
flow between laminar and rough turbulent flow have been devel-
oped, because such flow regimes may often occur in flow in com-
mercial pipes. ~2! Colebrook developed the commercial pipe fric-
tion factor equation simply by combining the zero velocity point
of smooth turbulent flow and that of rough turbulent flow, assum-
ing that both exist in the same pipe with an equal influence. He
assumed that roughness is irregularly, but evenly, distributed and
that the flow in the smooth and rough parts is always hydrauli-
cally smooth and rough, respectively. ~3! The present study sug-
gests two methods MZVP and MFF for calculating commercial
pipe friction factors. MZVP computes the mean zero velocity
131(8): 694-704 
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d.point, and MFF directly computes the mean friction factor. Both
methods consider the probability of the flow being in each region
and the flow regime is determined by checking the flow condition.
However, MFF is considered to be superior to MZVP, because the
former can cover all flow ranges, including laminar flow. More-
over, the concept of the mean zero velocity point is somewhat
contradictory to the flow conditions found in the pipes of uniform
roughness. ~4! In order to compute the roughness heights and
percentages of occupation of commercial pipes, the least square
method was employed by forming a matrix. MFF produces an
almost exact agreement with measured data when using the opti-
mum values of the roughness height and the percentage for each
data set; it also produces satisfactory results when the values of
the roughness height and the percentage are determined by using
the relationship with the pipe diameter. The materials of the pipes
tested were galvanized iron, wrought iron, cast iron, riveted steel,
concrete, and PVC. ~5! The roughness height and the percentage
of the flow being within the rough region for various types of
commercial pipes were determined using the data reported by
various researchers. It is found that both values are strongly re-
lated to the pipe diameter as well as to the type of pipe. This may
indicate that the roughness of the rough pipe region is strongly
associated with the type of the pipe connection. ~6! The present
methods can be easily employed for estimating the commercial
pipe friction factor, because all the equations to be used are rep-
resented by explicit forms. However, for practical use and easy
manipulation of a simple design of single-lined pipes, simple
forms of the power law have been suggested by the present Yoo
and Singh ~2004!. The parameters introduced in the power law
are also related with the type and size of commercial pipes.
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Notation
The following symbols are used in this paper:
a 5 coefficient;
b 5 coefficient;
C 5 friction factor;
D 5 pipe diameter;
D0 5 1 m as a standard diameter;
Dk 5 relative roughness sDk=D /kwd;
f 5 Darcy-Weisbach friction factor sf =8Cd;
fA 5 friction factor amplitude sfA=0.06Dk−0.5d;
fC 5 mean friction factor of commercial pipes;
fR 5 friction factor of the rough part;
fRT 5 f at rough turbulent flow;
fS 5 friction factor of the smooth part;
JOUR
 J. Hydraul. Eng., 2005, fST 5 f at smooth turbulent flow;
R 5 Reynolds number given by VD /n;
Rk 5 mean velocity-roughness Reynolds number
sRk=Vkw /nd;
R*k 5 frictional velocity-roughness Reynolds number
sR*k=u*kw /nd;
r 5 pipe radius;
PR 5 probability of rough wall;
PS 5 probability of smooth wall;
u 5 local flow velocity;
u* 5 frictional velocity given by ˛t /r;
V 5 cross-sectional mean velocity;
z 5 height above a wall;
z0 5 zero velocity point at which the local velocity
vanishes;
z0R 5 zero velocity point of rough wall;
z0S 5 zero velocity point of smooth wall;
k 5 von Karman constant s=0.4d;
kR 5 roughness height of rough part of commercial pipe;
kw 5 equivalent roughness height;
l 5 proportionality factor s=3.5−0.05Dkd;
n 5 kinetic viscosity;
r 5 water density; and
t 5 wall shear stress.
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